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A NOTE ON HILBERT’S “GEOMETRIC” TENTH PROBLEM
BRIAN TYRRELL
Abstract. This paper explores the decidability of the existential theory of positive
characteristic global fields in the language of rings Lr = {0, 1,+, ·} without param-
eters. In particular we are motivated by a question of Fehm on the decidability of
Th∃(Fp(t);Lr); equivalently, that of Th∃(Fp(t);Lr ∪ {F}), where Lr ∪ {F} is the “geo-
metric” language with unary predicate x ∈ F ⇔ x ∈ Fp(t) \ Fp. We prove Th∃(K;Lr)
is undecidable when K has sufficiently high genus and characteristic, and reprove a
result “approximating” Th∃(Fp(t);Lr) in the style of Koenigsmann and Cornelissen &
Zahidi. Finally we conclude an undecidability result for a non-global function field in
the language LF .
1. Introduction
It appears to be a well known fact (e.g. [3, 15]) that the diophantine problem for
Fp[t] with coefficients in Fp is solvable. This is to say that Hilbert’s Tenth Problem over
Fp[t] with coefficients in Fp is solvable, or equivalently that Th∃+(Fp[t]) in the language
of rings without parameters is decidable. The natural question to subsequently ask is
whether Hilbert’s Tenth Problem over the fraction field Fp(t) with coefficients in Fp is
similarly solvable. As we shall see, it is reasonable to conjecture that, like Hilbert’s
Tenth Problem over Q, such a decidability question will be answered in the negative.
One result of §3 approximates an answer to this initial question; in §3.2 we prove the
following theorem:
Theorem 1.1. Let p ≥ 19 be prime. The theory Th∀1∃+(Fp(t)) (i.e. the subtheory
of Th∀∃(Fp(t)) consisting of positive sentences with one initial universal quantifier) is
undecidable, in the language of rings without parameters.
This compares with the well known undecidability results for Th∃+(Fp[t]) and Th∃(Fp(t))
[4, 13, 21] in the language {0, 1,+, ·, t}, where t is a constant symbol for the transcen-
dental element.
It is also worth noting that, in this context, the language of rings has an implicit
geometric flavour. Indeed, consider the unary predicate F defining the nonconstant
elements of Fp(t), i.e. Fp(t) |= F (x) ⇐⇒ x ∈ Fp(t) \ Fp. It is well known that F (Fp(t))
is ∃+-definable in the language of rings without parameters. Thus, we might equally
frame the above results in the “geometric” language {0, 1,+, ·, F} (cf. Remark 3.8).
In this paper, K will be a global field of positive characteristic p with a field of con-
stants Fq, q = p
n, n ≥ 1. In §2 we generalise techniques of Eisentra¨ger & Schlapentokh
and use modern results of Pasten et. al. to conclude the undecidability of Th∃(K) in the
language of rings augmented by a predicate defining “good behaviour” (vid. Definition
2.7). This machinery is then expounded upon and properties of “good behaviour” ex-
ploited to obtain the main results of this paper in §3. In particular, when K has high
genus, we provide for the first time an example of an undecidable existential theory in
the geometric language LF . In §3.1 we prove:
Theorem 1.2. Let K be a high genus global field of characteristic p ≥ 312gK + 169.
Then Th∃(K;LF ) without parameters is undecidable.
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After this, in §3.3 we explore to what extent this proof is uniform in K. A near
immediate corollary is the undecidability of the existential theory of some non-global
field in the language LF :
Theorem 1.3. Let F ⊂ F˜p be the compositum of all finite odd degree extensions of
Fp. Let C/Fp be a curve of genus g ≥ 2, p ≥ 312g + 169. Then Th∃(F(C);LF ) without
parameters is undecidable.
Finally in §3.4 we pen some ideas on how to fully answer Fehm’s question (see [8,
Open Problems Q8]) for rational function fields going forward.
1.1. Interlude: rewriting equations over finite extensions. We will require the
following standard result on diophantine sets in field extensions, found in [5].
Theorem 1.4. Let K be a field and let f(T1, . . . , Tn,X1, . . . Xn2 , Y1, . . . , Yn3),
g(X,T1, . . . , Tn) be polynomials with coefficients in K. Assume the degree of g in X
is positive and the same for all values of T1, . . . , Tn (i.e. the leading coefficient of g as a
polynomial in X over the algebraic closure of Fp(T1, . . . , Tn) is always nonzero for any
choice of T1, . . . , Tn ∈ K, and the degree of g in X is positive). Let A ⊆ Kn be defined
as follows:
(t1, . . . tn) ∈ A ⇐⇒ ∃x1, . . . xn2 ∈ K, x ∈ K˜, y1, . . . , yn3 ∈ K(x) s.t.
g(x, t1, . . . , tn) = 0 ∧ f(t1, . . . , tn, x1, . . . , xn2 , y1, . . . , yn3) = 0.
Then A has a diophantine definition over K. Moreover, there is a diophantine defi-
nition of A with coefficients depending only on the coefficients and degrees of g and f ,
and this definition can be constructed effectively from these coefficients.
Proof. See [19, Lemma B.7.5] or [18, Lemma 1.3]. 
2. Machinery
In modern publications there is a standard two step process to conclude undecidability
(cf. [5, 17, 18, 19]). Recall K is a global field of positive characteristic p and field of
constants Fq, where q is a power of p.
(1) Define the set P = {(x, xps) : s ∈ N}; this is typically approached by first
defining the set Pu of p
s-th powers of some ‘special’ element u, then using Pu to
define P .
(2) Define for a nonconstant ‘special’ element u ∈ K and any prime p with ordp u = 1,
the set INT(K, p, u), where if x ∈ INT(K, p, u) then ordp x ≥ 0, and if x ∈ Fq(u)
and ordp x ≥ 0 then x ∈ INT(K, p, u).
We shall present a slightly modified argument:
(1∗) Define the “Denef” predicate Denp(x, y) ⇐⇒ ∃s ∈ N x = yps ∨ y = xps ⇐⇒
∃s ∈ Z x = yps .
(2∗) Define INTl(zb(u), u) where l is a prime (not necessarily distinct to p), zb(u)
is part of the zero divisor z(u) of u, and u satisfies a relatively lax condition
(depending on l). The set INTl(zb(u), u) behaves exactly like INT(K, p, u).
This new Denef predicate is useful by the following theorem:
Theorem 2.1. Let p be a prime number. Then Th∃+(N; 0, 1,+, |p,≤) is undecidable,
where |p is the binary predicate defined by a|pb ⇐⇒ ∃s ∈ N, b = psa ∨ a = psb.
Proof. Pheidas in [12] demonstrated Th∃+(N; 0, 1,+, |p) is undecidable, where now
n|pm ⇐⇒ ∃s ∈ N, m = psn. This theory is definable in Th∃+(N; 0, 1,+, |p), as
x|py ⇐⇒ x|py ∧ x ≤ y.
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We conclude Th∃+(N; 0, 1,+, |p,≤) is undecidable, as required. 
Step (1∗) is concluded using Bu¨chi’s Problem and results of Pasten, Pheidas and
Vidaux, for sufficiently large p (in fact, they produce an LF -formula for the Denef
predicate uniform in p – a point further emphasized in §3.3).
2.1. Bu¨chi’s Problem. Let R be a commutative unital ring with a subfield C of char-
acteristic p > 2.
Definition 2.2. If m ≥ 3 is an integer, an m-term Bu¨chi sequence for (R,C) is a
sequence of m elements x1, . . . , xm ∈ R, not all in C, satisfying the system of equations
x23 − 2x22 + x21 = 2,
x24 − 2x23 + x22 = 2,
...
x2m − 2x2m−1 + x2m−2 = 2.
Problem (Bu¨chi). Does there exists a positive integer M , such that for all n ≥ M ,
any n-term Bu¨chi sequence {xi}ni=1 of (R,C) satisfies x2i = (x+ i)p
s+1, i = 1, . . . , n, for
some x ∈ R and s ∈ N?
If Bu¨chi’s Problem has a positive answer, we will denote by M0(R,C) the least such
M and write “BP(R,C) has a positive answer”.
Definition 2.3.1 Let L be a language extending the language of rings. A class B of
L-structures is an L-Bu¨chi class if there exists a constant M such that each R ∈ B seen
as a ring has a subfield CR of positive characteristic satisfying:
• BP(R,CR) has a positive answer with M0(R,CR) ≤M ;
• If F ∈ L, FR is the set of elements of R \ CR.
The least such M is denoted by M0(B).
We have the following two results, abbreviated for our purposes:
Theorem 2.4. [11, Theorem 4.2]. For every positive integer M there exists a positive
existential LF -formula βFM (x, y) such that if B is an LF -Bu¨chi class with M0(B) ≤ M ,
then βFM (x, y) uniformly defines Denp(x, y) in B. 
Theorem 2.5. Let q be a p-th power. The set {Fq(t) : p ≥ 19} is an LF -Bu¨chi class.
More generally, the set {Fq(C) : C is a curve of genus g ≤ g0, p ≥ 312g + 169} is an
LF -Bu¨chi class, for every fixed integer g0 ≥ 0.
Proof. The former is [14, Theorem 1.5]. The latter is [20, Theorem 1.4]. 
Corollary 2.6. For p ≥ 19, the Denef predicate is positively existentially LF -definable
in Fq(t), without parameters.
More generally if C is a curve of genus g, and p ≥ 312g + 169, the Denef predicate is
positively existentially LF -definable in Fq(C), without parameters.
In particular, Step (1∗) is immediately concluded. 
Step (2∗) of our modified argument is obtained by generalising results of Eisentra¨ger
& Shlapentokh [5]. In fact, it is commonly seen (cf. [5, 13, 17, 18]) that defining the set
of ps-th powers of elements is the most difficult and restrictive part of the argument, so
in this regard the results of Pasten et. al. are quite freeing.
1This is not the exact definition of ‘L-Bu¨chi class’ that appears in [11]; the author has abbreviated it
for our purposes.
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2.2. Integrality. Let p be any prime, and K be a global field of characteristic p with a
subfield of constants Fq, q = p
n, n ≥ 1. Let l be a prime, not necessarily distinct to p.
Definition 2.7. An element u ∈ K is l-behaved if there exists a prime p of K such that
vp(u) > 0, vp(u) 6≡ 0 mod l, and [Kvp : Fq] 6≡ 0 mod l. Define:
zb(u) :=
∏
{pvp(u) : vp(u) > 0, vp(u) 6≡ 0 mod l, [Kvp : Fq] 6≡ 0 mod l},
the l-behaved factor of the zero divisor z(u) of u.
Going forward, we assume p is odd and now fix some l such that l|q − 1, and assume
u is l-behaved (in particular, note l 6= p). In addition, fix the following notation:
• Let δ ∈ K˜ be a root of T l − (u+ 1).
• For w ∈ K, let hw = wlu + 1ul .
• Let βw ∈ K˜ be a root of T l − ( 1hw + 1).
• For some a ∈ Fq \ (Fq)l, let α ∈ F˜p be a root of T l − a.
Consider the following (finite) extensions:
N(βw, α)
N(βw)
N = K(δ)
K
Fq(u)
We have the following series of lemmas from [5]:
Lemma 2.8. Let G be a field of positive characteristic p possessing a primitive l-th root
of unity ξl. Let α ∈ G˜, let αj = ξjl α, j = 0, . . . , l − 1, and let
P (a0, . . . , al−1) =
l−1∏
j=0
(a0 + a1αj + · · ·+ al−1αl−1j ).
In this case, if [G(α) : G] = l, then P (a0, . . . , al−1) = NormG(α)/G(a0 + a1α + · · · +
al−1α
l−1). Also, if α ∈ G, then for any y ∈ G the equation P (X0, . . . ,Xl−1) = y has
solutions x0, . . . , xl−1 ∈ G. 
Lemma 2.9. Let G/H be a Galois extension of algebraic function fields of degree k.
Let p be a prime of H with only one, unramified, factor in G. Let x ∈ H be such that
ordp x 6≡ 0 mod k. Then x is not a norm of an element of G.
Proof. Let y ∈ H and consider the conjugates y1 = y, y2, . . . , yk ∈ G over y. Let P be
the prime above p in G. Then ordP(yi) = ordP(yj) for all i, j ∈ {1, . . . , k}. Thus
ordp(NormG/H(y)) = ordP(NormG/H(y)) =
k∑
i=1
ordP(yi) = k ordP(y) ≡ 0 mod k,
as required. 
Lemma 2.10. Let G/H be an unramified extension of local fields of degree k. Let m be
the prime of H. Let x ∈ H be such that ordm x ≡ 0 mod k. Then x is a norm of some
element of G. 
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From this point onward, we will typically interchange the notations “vp” and “ordp”
for a prime p.
Lemma 2.11. Let L be a function field of characteristic p possessing an l-th primitive
root of unity. Let z ∈ L and let γ be a root of the equation X l − z = 0. If for some L-
prime a, orda(z) < 0 and orda(z) 6≡ 0 modulo l then a is completely ramified in L(γ)/L.
Also, if z is integral at a and z is equivalent to a nonzero l-th power modulo a, then a
will split completely in L(γ).
Proof. See [5, Lemmas 6.6 & 6.7]. 
Applied to the fields in question, they have the following corollary:
Corollary 2.12. The following statements are true about the extension N/K:
(1) There is no constant field extension.
(2) The factors of zb(u) split completely, into factors of relative inertial degree 1.
(3) Any factor q of pl(u) (the pole divisor of u) where ordq(u) 6≡ 0 mod l ramifies
completely into factors of inertial degree 1. Therefore in particular for any prime
q̂ of N over pl(u), ordq̂(u) ≡ 0 mod l. 
For a prime q, define the notation ordqk(x) :=
{⌊ordq(x)
k
⌋
ordq(x) ≥ 0⌈ordq(x)
k
⌉
o.t.w.
.
Lemma 2.13. For p |zb(u), define kp := ordp(u). The following statements are true:
(1) If p̂ is a prime of N(βw) and p̂|zb(u) in N(βw) while ordp̂kp (w) < 0, then
f(p̂/p) = f(p/ p) = 1, where p = p̂ ∩N and p = p ∩K.
(2) If p̂ is a prime of N(βw) and p̂|zb(u) in N(βw) while ordp̂kp (w) < 0, then
ord
p̂
kp (hw) < 0 and ordp̂kp (hw) 6≡ 0 mod l.
(3) If t is a prime of N(βw) and t ∤ z(u), then ordt(hw) ≡ 0 mod l.
(4) If p is a prime of K such that p |zb(u) and ordpkp (w) ≥ 0, then ordpkp (hw) ≡ 0
mod l.
Proof. First, a calculation. Suppose p is a prime of K with p |zb(u) and ordpkp (w) < 0.
Then
ordp(hw) = ordp(u
l−1wl + 1)− l ordp(u).
As ordp(w) ≤ −kp < 0, ordp(ul−1wl +1) = ordp(ul−1wl) and ordpkp (ul−1wl) = l− 1+
l ordpkp (w). We conclude ordpkp (hw) < 0 and ordpkp (hw) 6≡ 0 mod l.
Now, (1) & (2). Let p |zb(u) in K and note by Corollary 2.12, p splits completely
in N into factors of inertial degree 1. For any primes p̂|p| p in N(βw) (resp. N), we
have ordp̂(hw) = ordp(hw) = ordp(hw) and f(p̂/p) = f(p/ p) = 1, as by Lemma 2.11,
p and p split completely in their extensions (note ordpkp (w) < 0 implies in particular
ordp(w) < 0). We reach the desired conclusion for (2) from our initial calculation.
Part (3) is [5, Lemma 6.9(3)] exactly. Finally, suppose p is a prime of K such that
p |zb(u) and ordpkp (w) ≥ 0. Let ordp(w) = −kp + a, where a ≥ 1. Then we see
ordp(u
l−1wl) = al − kp, and since kp 6≡ 0 mod l,
ordp(hw) = ordp(u
l−1wl + 1)− lkp = min{0, al − kp} − lkp.
If the minimum is 0, then ordpkp (hw) ≡ 0 mod l as required. Suppose then al < kp;
notice ordp(hw) < 0 and therefore by definition,
ordpkp (hw) = ⌈ordp(hw)kp ⌉ = ⌈
al−kp−lkp
kp
⌉ = ⌈ alkp − 1− l⌉
= ⌈ alkp ⌉ − 1− l = 1− 1− l ≡ 0 mod l.
This finishes the lemma. 
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We now produce sufficient and necessary conditions for w ∈ K to have no ‘large’ poles
at factors p of zb(u), in terms of a norm equation.
Lemma 2.14. If ordpkp (w) < 0 at any factor p |zb(u) in K, then there is no x ∈ N(βw, α)
such that NormN(βw,α)/N(βw)(x) = hw.
Proof. Let p̂ be a factor of zb(u) in N(βw) over p; then ordp̂kp (w) = ordpkp (w) < 0 by
the argument of Lemma 2.13 (1). By the same reasoning as Corollary 2.12 (1), there is
no constant field extension in N(βw)/N , and since f(p̂/ p) = 1, the equation
T l − a = 0 (1)
has no root in the residue field of p̂ in N(βw) if and only if (1) has no root in the
residue field of p in K. Indeed, this is the case, as by design (1) has no root in Fq, and
[Fp : Fq] 6≡ 0 mod l. Therefore p̂ cannot split in the extension N(βw, α)/N(βw), as the
extension is of prime degree and the residue field of p̂ must extend. If hw is to be a
norm in this extension, then ordp̂(hw) ≡ 0 mod l by Lemma 2.9; however by the same
calculation as in Lemma 2.13 (2), we see since ordp(w) ≤ −kp < 0, that ordp(hw) 6≡ 0
mod l, and by the argument of Lemma 2.13, ordp̂(hw) = ordp(hw) 6≡ 0 mod l. This is a
contradiction, as desired. 
Lemma 2.15. For w ∈ Fq(u), if ordpkp (w) ≥ 0 for all factors p |zb(u) in K, then there
exists x ∈ N(βw, α) such that NormN(βw,α)/N(βw)(x) = hw.
Proof. We first wish to first demonstrate the divisor of hw is an l-th power of another
divisor in N(βw). In most cases this is a simple calculation based on the construction
of hw and using Corollary 2.12 & Lemma 2.13. However we do need to be careful
in two cases: first, consider when there exists a prime q of K such that ordq(u) > 0
and ordq(w) < 0. As w ∈ Fq(u), ordq(w) = e(q /u) ordu(w), where e(q /u) is the
ramification of u to q in K/Fq(u). Hence ordq(w) < 0 implies ordu(w) < 0, which
implies ordpkp (w) < 0 for factors p |zb(u); a contradiction. This case never occurs.
Next, consider when there is a prime q of K such that ordq(u) < 0 and ordq(w) > 0.
Therefore ordq(hw) ≥ min{ordq(wlu ), ordq( 1ul )} ≥ 0. By Lemma 2.11, in N(βw) the prime
q ramifies completely, hence ordq̂(hw) ≡ 0 mod l, where q̂ is a prime of N(βw) lying
over q – exactly as desired.
By Lemma 2.11, the extension N(βw, α)/N(βw) is unramified, hence by Weil [22,
Corollary, p. 226] locally every unit is a norm. Therefore, by Lemma 2.10 and the
Strong Hasse Principle [10, Corollary 4.5], globally hw is a norm, as required. 
We finish this argument with the following theorem and corollary:
Theorem 2.16. Let αj = ξ
j
l α for j = 0, . . . , l − 1, and let
P (a0, . . . , al−1) =
l−1∏
j=0
(a0 + a1αj + · · ·+ al−1αl−1j ).
If N(βw) |= ∃a0, . . . , al−1(P (a0, . . . , al−1) = hw), then ordpkp (w) ≥ 0 for all factors
p |zb(u) in K. Conversely if w ∈ Fq(u) and ordpkp (w) ≥ 0 for all factors p |zb(u) in K,
then N(βw) |= ∃a0, . . . , al−1(P (a0, . . . , al−1) = hw). 
For an l-behaved u, define the set INTl(p, u) to be the subset of K where if w ∈
INTl(p, u), then ordp(w) ≥ 0, and if ordp(w) ≥ 0 and w ∈ Fq(u), then w ∈ INTl(p, u).
Corollary 2.17. Let l be a prime such that l|q− 1, and let u ∈ K be l-behaved. The set
INTl(zb(u), u) is Lr-existentially definable in K, with one parameter u. Moreover, this
definition is uniform in l-behaved u.
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Proof. If ordpkp (w) ≥ 0 for all factors p |zb(u), then ordzb(u)(w) ≥ 0. If w ∈ Fq(u) and
ordzb(u)(w) ≥ 0, then ordpkp (w) ≥ 0 for all factors p |zb(u): indeed, if ordpkp (w) < 0 for
some p |zb(u), then notice first ordp(w) ≤ −kp, and second ordp(w) = e(p /u) ordu(w) =
kp ordu(w). Therefore ordu(w) ≤ −1, implying ordzb(u)(w) < 0, a contradiction.
The only task that remains is rewriting “P (a0, . . . , al−1) = hw” as a polynomial
equation over Fq(u) with variables in K. This can be done with Theorem 1.4, as for
each w ∈ K, the extension N(βw)/K is finite. Explicitly, we do this in three steps:
(1) Notice the coefficients of P are in Fq ⊂ K, by Lemma 2.8. Therefore α does not
appear in the formula defining “P (a0, . . . , al−1) = hw”.
(2) The extension N(βw)/N : here we set n = 1, n2 = 0, n3 = l, t1 = w, x = βw,
g(X,w) = hwX
l − (hw +1), and f(w, a0, . . . , al−1) = P (a0, . . . , al−1)− hw. As u
is by design not an l-th power in K, hw is never zero. Therefore INTl(zb(u), u)
is Lu-existentially definable with variables in N .
(3) The extension N/K: here we set n = 1, n2 = 0, n3 = l, t1 = w, x = δ,
g(X,w) = X l− (u+1), and f(w, a0, . . . , al−1) = P (a0, . . . , al−1)−hw. Therefore
INTl(zb(u), u) is Lu-existentially definable in K. 
Notice the definition of INT2 is uniform in q, where Fq is the constant subfield of K,
char(K) > 2. This will play an important point in §3.3.
2.3. Assembly & Initial Results. Now we are in a position to use the above ma-
chinery. Define the unary predicate Bl by Bl(u) ⇔ u is l-behaved. Given a positive
characteristic global field K, it is the function field of some (birationally unique) curve
C; let gK denote the genus of this curve.
Theorem 2.18. Let K be a global field field of characteristic p ≥ 312gK + 169, with
field of constants Fq, where q = p
n, n ≥ 1. Let l be any prime such that l|q − 1. Then
Th∃+(K;LF ∪ {Bl}) without parameters is undecidable.
Proof. If K |= Bl(u) then by Corollary 2.17 the set INTl(zb(u), u) has an explicit
positive-existential definition, with one parameter u. By Corollary 2.6, we can give a
parameter free positive-existential LF -definition of the Denp predicate. Using our above
machinery, we can interpret Th∃+(N; 0, 1,+, |p,≤) in Th∃+(K;LF ) with any parameter
u ∈ Bl, by associating the natural number s to the subset
f(s) = {w ∈ K : ordzb(u)(w) = s},
where ordzb(u)(w) = s ⇐⇒ wus , u
s
w ∈ INTl(zb(u), u). It is perhaps also worth noting
that, for all k ∈ N, uk ∈ INTl(zb(u), u). The equation a = b+ c, a, b, c ∈ N is equivalent
to the existence of elements za ∈ f(a), zb ∈ f(b), zc ∈ f(c) with za = zbzc, by weak
approximation. We also have that
a|pb ⇐⇒ ∃za ∈ f(a), zb ∈ f(b),∃z ∈ K, Denp(z, za) ∧ zzb ,
zb
z ∈ INTl(zb(u), u).
Finally, a ≥ b ⇐⇒ ∃za ∈ f(a), zb ∈ f(b) s.t. zazb ∈ INTl(zb(u), u).
This argument is uniform in l-behaved u. Therefore, replacing any formula φ(x, u)
in the above construction with ∃u(Bl(u) ∧ φ(x, u)), we conclude Th∃+(K;LF ∪ {Bl})
without parameters is undecidable as required. 
When K is a positive characteristic global field, its constant subfield Fq is existentially
Lr-definable. So we may work in Lr, as opposed to LF . For the special case of rational
function fields, we can improve the bound on the characteristic slightly.
Theorem 2.19. Let p ≥ 19 be a prime, q = pn, n ≥ 1. Let l be any prime such that
l|q − 1. Then Th∃+(Fq(t);Lr ∪ {Bl}) without parameters is undecidable. 
We can also conclude some nice results about l-behaviour.
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Lemma 2.20. Let K be a global field of positive characteristic p and l a prime distinct
to p. Then u ∈ K is l-behaved if and only if up is l-behaved.
Proof. Let Fq, q = p
n, n ≥ 1 be the field of constants of K. Suppose u is l-behaved;
then u is nonconstant and there exists a prime p of K such that vp(u) > 0, vp(u) 6≡ 0
mod l and [Kvp : Fq] 6≡ 0 mod l. Notice up is thus nonconstant, and vp(up) = p · vp(u),
so vp(u
p) > 0, vp(u
p) 6≡ 0 mod l, and [Kvp : Fq] 6≡ 0 mod l still. Therefore up is
l-behaved. Conversely, if u is not l-behaved, a similar reasoning forces us to conclude up
is not l-behaved. This concludes the lemma. 
Remark 2.21. Along a similar vein, notice that if K is a global field of characteristic
p > 0 and l is a prime distinct to p, then u ∈ K is l-behaved if and only if σ(u) is
l-behaved, for any σ ∈ Aut(K). Indeed, this follows from three facts: first, if p is a
prime of K, then there is a corresponding discrete valuation ring Op with maximal ideal
p. For all σ ∈ Aut(K), σ(Op) is a discrete valuation ring with maximal ideal σ(p), hence
corresponds to a prime denoted “σ(p)”. Second, for all a ∈ K, ordσ(p)(σ(a)) = ordp(a).
Finally, Fp ∼= Fσ(p). Together these facts bring us to the desired conclusion. 
Lemma 2.22. Let K be a global field of characteristic p > 2. For any nonconstant
u ∈ K, there exists a prime l 6= p such that u is l-behaved. In fact, for any nonconstant
u ∈ K, there exist only finitely many primes l such that u is not l-behaved.
Proof. We will show that if [K : Fq(u)] 6≡ 0 mod l, then u is l-behaved. The rest of
the statement of the theorem follows.
Recall deg(z(u)) = [K : Fq(u)]. Thus, we have assumed deg(z(u)) 6≡ 0 mod l. In
particular, there must exist a prime p |z(u) with vp(u) > 0, vp(u) 6≡ 0 mod l and
[Kvp : Fq] 6≡ 0 mod l. Therefore u is l-behaved by definition, as desired. 
Theorem 2.23. For any prime p ≥ 19, for any nonconstant u ∈ Fp(t), Th∃+(Fp(t);Lu)
without parameters is undecidable, where Lu = Lr ∪ {u}. This is to say Th∃+(Fp(t);Lr)
with parameters in Fp(u) is undecidable.
Proof. Recall that Fpm contains a primitive l-th root of unity if and only if l|pm − 1.
We choose m ∈ N>0 large enough such that there exists a prime l with [Fp(t) : Fp(u)] 6≡ 0
mod l and l|(pm − 1). Note that necessarily l is coprime to p, Fpm \ (Fpm)l 6= ∅, and by
design there is a primitive l-th root of unity in Fpm. As u does not extend the constant
field of Fp(t), by Galois theory
[Fpm(t) : Fpm(u)] = [Fp(t) : Fp(u)] 6≡ 0 mod l,
hence by Lemma 2.22 we conclude u is l-behaved in the extension Fpm(t)/Fpm(u).
Therefore by the argument of Theorem 2.18, we deduce Th∃+(Fpm(t);Lu) without pa-
rameters is undecidable (replacing Bl in the proof by u). As the extension Fpm(t)/Fp(t)
is finite, u ∈ Fp(t), and m depends solely on u, we may interpret Fpm(t) in Fp(t) via [5,
§3] and conclude Th∃+(Fp(t);Lu) without parameters is undecidable, as required. 
2.4. p-behaviour. We can conclude much of §2.2 & §2.3 for “p-behaviour” by modify-
ing the extensions N(βw, α)/N(βw)/N/K to be Artin-Schreier, then modifying slightly
the statements of Lemma 2.13 – Corollary 2.17. The main change is that an Artin-
Schreier version of Lemma 2.11 is required. In this subsection, we excurse through this
construction.
Let p be any prime, and K a global field of characteristic p with a subfield of constants
Fq, q = p
n, n ≥ 1. Take u ∈ K and assume u is p-behaved (recall Definition 2.7). In
addition, fix the following notation:
• Let δ′ ∈ K˜ be a root of T p − T − u.
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• For w ∈ K, hw = wpu + 1up still.
• Let β′w ∈ K˜ be a root of T p − T − 1hw .
• For some a ∈ Fq, let α∗ ∈ F˜p \ Fq be a root of T p − T − a.
Once again, consider the extensions N(β′w, α∗)/N(β
′
w)/N = K(δ
′)/K/Fq(u). Our
main tool is the following:
Lemma 2.24. Let L be a function field of characteristic p. Let z ∈ L and let γ ∈ L˜ \L
be a root of the equation Xp −X − z = 0. If for some L-prime a, orda(z) 6≡ 0 mod p
and orda(z) < 0, then a is completely ramified in L(γ)/L. At the same time all zeros of
z will split completely in L(γ)/L, i.e. into factors of relative degree 1.
Proof. See [5, Lemmas 6.6]. 
Applied to the extensions in question, we recover Corollary 2.12, Lemma 2.13 (with
l = p), Lemma 2.14 and Lemma 2.15. We deduce:
Theorem 2.25. Let αj = α∗ + j for j = 0, . . . , p − 1. Let
P (a0, . . . , ap−1) =
p−1∏
j=0
(a0 + a1αj + · · ·+ ap−1αp−1j ).
If N(β′w) |= ∃a0, . . . , ap−1(P (a0, . . . , ap−1) = hw), then ordpkp (w) ≥ 0 for all factors
p |zb(u) in K. Conversely if w ∈ Fq(u) and ordpkp (w) ≥ 0 for all factors p |zb(u) in K,
then N(β′w) |= ∃a0, . . . , ap−1(P (a0, . . . , ap−1) = hw).
Proof. Note that all solutions to an equation Xp −X − a = 0 in K˜ can be written in
the form α+ i, i = 0, . . . , p− 1, where α is any solution of the equation. Also note that
P (a0, . . . , ap−1) = NormN(β′w,α∗)/N(β′w)(a0 + a1α∗ + · · · + ap−1α∗p−1).
The theorem follows from the aforementioned lemmas. 
Corollary 2.26. Let u ∈ K be p-behaved. The set INTp(zb(u), u) is Lr-existentially
definable in K, with one parameter u. Moreover, this definition is uniform in p-behaved
u.
Proof. Cf. Corollary 2.17. 
Finally, we conclude the following theorem.
Theorem 2.27. Let K be a global field of characteristic p ≥ 312gK + 169. Then
Th∃+(K;LF ∪ {Bp}) without parameters is undecidable.
Moreover, if K = Fq(t) with characteristic 19 ≤ p < 169, then Th∃+(Fq(t);Lr ∪ {Bp})
without parameters is undecidable too. 
3. Main Results
3.1. High genus function fields. Using the machinery of the previous section, we are
able to deduce undecidability results for certain global fields in the language LF . In fact,
as noted previously, we gain nothing by adding the predicate F to the language so we
instead may work in the pure language of rings Lr.
Let us first focus our efforts away from Fp(t), to function fields of higher genus curves.
For topological reasons, such curves cannot be rationally parameterised (i.e. they have
no Fp(t)-points); philosophically this might suggest these curves encode a ‘finiteness’ we
may attempt to exploit. The following result is due to a suggestion of Hrushovski.
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Definition 3.1. A high genus global field K of characteristic p > 0 is the function field
of a curve of genus at least two, over a finite field.
Theorem 3.2. Let K be a high genus global field of characteristic p ≥ 312gK + 169.
Then Th∃(K;LF ) without parameters is undecidable.
Proof. We may write K as the fraction field of Fq[t1, t2]/P , where P ∈ Fq[X1,X2] is
an absolutely irreducible polynomial describing a curve of genus ≥ 2, over Fq. Note
that by Schmid [16], G = Aut(K) is finite, and any separable endomorphism of C is an
automorphism2. Thus, any nonconstant solution of P (X1,X2) = 0 in K is of the form
(g(t1)
pr, g(t2)
pr) where g ∈ G and r ≥ 0.
Let l be a prime such that l|q − 1. By definition, t1 is l-behaved in K, and hence
so is g(t1)
pr using Lemma 2.20 & Remark 2.21. Therefore the first component of every
nonconstant solution of P in K is l-behaved; replacing any formula φ(x, u) in the con-
struction of Theorem 2.18 with ∃u, v(F (u) ∧ F (v) ∧ P (u, v) = 0 ∧ φ(x, u)), we conclude
Th∃(K;LF ) without parameters is undecidable, as required. 
3.2. Rational Function Fields. If we are able to existentially Lr-define a nonempty
subset of Bl for some fixed prime l, we can conclude Th∃(Fp(t);Lr) is undecidable. This
amounts to ensuring for u ∈ Fp(t) transcendental that there is a prime p |z(u) with
f(p /u) = degt(p) 6≡ 0 mod l. However this cannot be done: any property on u that
implies degt(p) 6≡ 0 mod l, will not be existentially Lr-definable without parameters.
Indeed, if “∃x f(u, x) = 0” was such a definition, for f ∈ Fp[X], it is invariant under the
substitution t 7→ tl, hence f(u(tl), x′) = 0 for x′ = x(tl).
Remark 3.3. By the proof of [6, Theorem 1 (1)], the set of Mo¨bius transformations of
Fp(t) is definable without parameters in Fp(t), but not existentially definable. Therefore
we can say at least some nonempty subset of Bl is always first-order definable, for all
primes l. 
While this argument presents an obstruction to immediately reaching the undecid-
ability of Th∃(Fp(t);Lr) via this machinery, it is still possible to obtain general results if
we allow ourselves the use of universal quantifiers. To do this, we shall need a charac-
terisation of l-behaviour in this context.
Consider the following classical result by Leahey:
Theorem 3.4. [9, Theorem, p. 817]. Let F be a finite field of order pn where p is a
prime, p ≡ 3 mod 4, and n is odd. Let f ∈ F [X] and suppose that f = a · f e11 · · · f err
with a ∈ F , and fi ∈ F [X] is the factorisation of f into an element of F and monic
irreducible polynomials in F [X].
Then f can be written as the sum of two squares in F [X] if and only if ei is even for
those fi with odd degree. 
We can adapt the proof of this for the following use:
Corollary 3.5. Let p be an odd prime, l a prime such that either l|(p− 1) or l = p. Fix
α ∈ F˜p \ Fp a root of X l − a if l|(p− 1), or a root of Xp −X − a if l = p, where a ∈ Fp
is chosen such that X l − a (resp. X l −X − a) is irreducible.
Then u ∈ Fp[t] is not l-behaved3 if and only if it is norm in Fp(α)(t)/Fp(t), i.e. if and
only if ∃x ∈ Fp(α)(t) such that NormFp(α)(t)/Fp(t)(x) = u.
Proof. Suppose u is a norm in Fp(α)(t)/Fp(t) and suppose for contradiction u has a
prime factor p of inertial degree & ramification index in u both coprime to l.
2By the Riemann-Hurwitz formula, any nontrivial separable endomorphism f : C → C necessarily has
degree 1. It follows that f is injective and surjective.
3u considered as an element in Fp(t).
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Consider the extension Fp(α)(t)/Fp(t); as it is Galois, l = [Fp(α)(t) : Fp(t)] =
e(p̂/ p)f(p̂/ p)g(p̂/ p), where e is the ramification index of p̂ = pFp(α)[t], f is the in-
ertial degree, and g is the number of prime factors of p in the extension. If l|(p−1), then
as [Fp : Fp] is coprime to l, the equation X
l − a has no root in Fp. Therefore the residue
field of p̂ must extend that of p; we conclude e(p̂/ p) = 1, f(p̂/ p) = l, g(p̂/ p) = 1. The
same conclusion is reached if l = p.
By Lemma 2.9, as ordp(u) is coprime to l, u is not a norm of an element in Fp(α)(t).
This is a contradiction, as desired.
Now suppose u is not l-behaved. We assume WLOG that u is nonconstant. We also
have the identity
NormFp(α)(t)/Fp(t)(x)NormFp(α)(t)/Fp(t)(y) = NormFp(α)(t)/Fp(t)(xy),
hence it suffices to demonstrate primes of degree a multiple of l may be put in the
required form. Indeed, the primes Q of degree coprime to l have ramification index lm,
so may be considered to be ‘trivially’ written as NormFp(α)(t)/Fp(t)(Q
m), m ≥ 1.
Let u ∈ Fp[t] be any monic irreducible polynomial, and consider the factorisation
u = q1 . . . qs in Fp(α)[t]. For any g ∈ Fp(α)[t], denote by σ(g) its conjugate under
σ ∈ Gal(Fp(α)/Fp). As u = σ(u) = σ(q1) . . . σ(qs), we see
ul =
∏
σ∈Gal(Fp(α)/Fp)
σ(u) =
∏
σ
σ(q1) · · ·
∏
σ
σ(qs).
As u is irreducible and
∏
σ σ(qi) ∈ Fp[t], we must have either s = 1 and u = q1, or
s = l and u =
∏
σ σ(q1).
Now assume u ∈ Fp[t] is a prime of degree ≡ 0 mod l, and let F = Fp[t]/(u). Suppose
l|(p − 1); the case l = p is proven similarly.
WLOG α ∈ F , hence X l ≡ a mod u is solvable over F , by X = g, say. In
the extension Fp(α)(t)/Fp(t), u cannot remain irreducible, as then either u|(g − α) or
u|(gl−1 + · · · + αl−1) in Fp(α)[t]. This is a contradiction as (e.g. for the former) then
there exists h0, . . . , hl−1 ∈ Fp[t] such that u(h0 + αh1 + · · · + αl−1hl−1) = g − α, hence
uh1 = −1; impossible in Fp[t]. Therefore, by the above paragraph, u (in Fp(α)(t)) splits
into a product of irreducible polynomials which are conjugate over Fp, which is to say
u =
∏
σ σ(q1) = NormFp(α)(t)/Fp(t)(q1), as required. 
We will use a version of this corollary in our next theorem.
Theorem 3.6. In the language of rings without parameters, Th∀∃(Fp(t)) is undecidable,
for any prime p ≥ 19.
Proof. We will first produce an existentially definable subset C such that if u 6∈ C,
then u (after undergoing a suitable transformation) must be 2-behaved. Then we will
use Theorem 2.18 with l = 2 to finish the argument.
Fix u ∈ Fp(t)\Fp such that u and 1u are not 2-behaved. This forces [Fp(t) : Fp(u)] ≡ 0
mod 2, and in particular every prime p |z(u) ·pl(u) has either e(p /u) ≡ 0 mod 2, or
f(p /u) ≡ 0 mod 2. Let ψC(u) be the following formula:
∃a, b, c, d((a 6= 0 ∨ · · · ∨ d 6= 0) ∧ a2 − αb2 = u(c2 − αd2)),
where α ∈ Fp is a nonsquare. Then we see, by4 Corollary 3.5,
u and 1u are not 2-behaved =⇒ Fp(t) |= ψC(u), hence
Fp(t) |= ¬ψC(u) =⇒ u or 1u is 2-behaved =⇒ uu2+1 is 2-behaved.
Clearly ψC is existentially definable, and since
(
−α
p
)
= −1, Fp(t) |= ¬ψC(t) (so ψC
is nontrivial). Replacing any formula φ(x, u) in the construction of Theorem 2.18 with
4We are also subtly using the definition of “2-behaved” and the fact that zero degree divisors & primes
are principal.
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∀u(ψC(u) ∨ φ(x, uu2+1)), we conclude Th∀∃(Fp(t);Lr) without parameters is undecidable
as required. 
Remark 3.7. Koenigsmann [7] has given a universal definition of Z in Q, demonstrating
the undecidability of Th∀∃(Q). The above theorem can be viewed as a function field
analogue of this computability result.
The definition of ψC in Theorem 3.6 required only existential quantifiers, and the “pa-
rameter” u is bounded by a single universal quantifier – so if we consider the subtheory
Th∀1∃+(Fp(t);Lr) with one initial universal quantifier and only positive sentences, this
remains undecidable. This is an unconditional function field analogue of a conditional
result of Cornelissen & Zahidi [2, Theorem 5.3] too.
It should be noted that this is not a new result (though it is achieved by new methods);
by the work of Anscombe and Fehm, it is known Th∀1∃+(Fp(t);Lr) without parameters is
undecidable (cf. [1, Remark 7.9] where a similar argument not using the valuation map
may be used). 
Remark 3.8. Theorem 3.6 has two geometric interpretations:
(1) There is no algorithm which decides on input an Fp-morphism pi : V → W
between varieties V,W/Fp whether or not pi : V (Fp(t))→W (Fp(t)) is surjective;
(2) Given any one-parameter family of hypersurfaces over Fp, we cannot decide
whether or not they all have an Fp(t)-rational point (i.e. whether or not they all
contain a curve C over Fp). 
We can summarise the results of this subsection as follows. Define LN to be the
language of rings Lr with an additional predicate symbol N representing certain cyclic
non-norms:
K |= N(x) ⇐⇒ for any a ∈ Fq \ (Fq)2, x is not a norm in K(
√
a)/K.
Theorem 3.9. In the language LN without parameters, Th∃(Fp(t)) is undecidable, for
any prime p ≥ 19. 
3.3. Uniformity. By careful examination, we can conclude altogether stronger state-
ments than Theorems 3.2 & 3.6. As was mentioned previously, the Denef predicate
Denp was LF -defined by Pasten et. al. uniformly in p. The set INTl is defined for
l-behaved u when the constant field Fq contains an l-th root of unity, and using an ele-
ment a ∈ Fp \(Fp)l. With l = 2, and a predicate representing nonsquares in the constant
subfield, INT2 may be defined uniformly in p.
Define N2(x) ⇐⇒ “x is not a square”. Then for any global field K with constant
subfield Fq, a ∈ Fq \ (Fq)2 ⇐⇒ ¬F (a) ∧N2(a). Therefore:
Theorem 3.10. The theory Th∃+({Fp(t) : p ≥ 19}) of rational function fields in the
language LF ∪ {B2, N2} without parameters is undecidable.
The theory Th∃+({Fp(t) : p ≡ 3 mod 4, p ≥ 19}) in the language LF ∪ {B2} without
parameters is undecidable. This theory remains undecidable in the language LF with
parameters.
Finally, the theory Th({Fp(t) : p ≥ 19}) of rational function fields in the language LF
without parameters is undecidable.
Proof. Notice the proof of Theorem 2.18 is uniform in p. Indeed, the definition of Denp
is uniform in p in the language LF (not in Lr), and INT2 is uniformly LF∪{N2}-definable
for l-behaved u.
When p ≡ 3 mod 4, −1 ∈ Fp \ (Fp)2 always. Therefore the predicate N2 is not
necessary to define INT2. In addition, the element t is always 2-behaved in Fp(t) for any
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characteristic p > 0, hence Th∃+({Fp(t) : p ≡ 3 mod 4, p ≥ 19};LF ) with parameter t
is also undecidable.
Finally, from the proof of Theorem 3.6 we see for p ≥ 19, Th∀∃(Fp(t)) is in fact uni-
formly undecidable in the language of rings with the predicate N2. Such a predicate is
uniformly Lr-definable, meaning we conclude the desired result. 
More generally, but along the same lines:
Theorem 3.11. The theory Th∃+({K : p ≥ 312gK+169}) of global fields in the language
LF ∪ {B2, N2} without parameters is undecidable. 
Lemma 3.12. Fix a curve C/Fq with genus g ≥ 2, p ≥ 312g + 169. The theory
Th∃({Fqn(C) : n ≥ 1}) in the language LF ∪ {N2} without parameters is undecidable.
Proof. For any n ≥ 1, we may write Fqn(C) = Frac(Fqn [t1, t2]/P ), where P ∈ Fq[X1,X2].
As in Theorem 3.2, t1 is 2-behaved, hence the first component of every solution of P in
Fqn(C) is 2-behaved. Therefore for all n ≥ 1, we may uniformly existentially LF ∪{N2}-
interpret Th∃+(N; 0, 1,+, |p,≤) in Fqn(C) without parameters. We conclude undecidabil-
ity as required. 
Lemma 3.13. Fix a curve C/Fq with genus g ≥ 2, p ≥ 312g + 169. For any existential
sentence ϕ in LF ∪ {N2}, it is undecidable if there exists k ∈ N \{0} s.t. Fqk(C) |= ϕ.
Proof. For a ∃+-sentence χ in {0, 1,+, |p,≤} denote by χ¯(u) its translation under the
interpretation of (N; 0, 1,+, |p,≤) in Fq(C), where u is 2-behaved, using the formula
¬F ∧N2 in place of an explicit nonsquare of Fq. Let
χ̂ = ∃u, v(F (u) ∧ F (v) ∧ P (u, v) = 0 ∧ χ¯(u)),
where P is as in Lemma 3.12. As noted in Lemma 3.12, such a translation does not
depend on q. Also, as indicated in the proof of Theorem 2.18, the operation χ 7→ χ̂ is
computable.
Let θ be an ∃+-sentence in {0, 1,+, |p,≤}. Then N |= θ implies Fq(C) |= θ̂, and hence
that ∃k ∈ N \{0} such that Fqk(C) |= θ̂.
Now suppose ∃k ∈ N \{0} such that Fqk(C) |= θ̂. By design, N |= θ. As
Th∃+(N; 0, 1,+, |p,≤) is undecidable (Theorem 2.1), we conclude for any existential LF ∪
{N2}-sentence ϕ it is undecidable if ∃k ∈ N \{0} such that Fqk(C) |= ϕ, as required. 
If we wish to restrict the language of the above lemma, we may, with a sacrifice in
the scope of our problem:
Lemma 3.14. Fix a curve C/Fq with genus g ≥ 2, p ≥ 312g + 169. For any existential
sentence ϕ in LF , it is undecidable if there exists odd k ∈ N s.t. Fqk(C) |= ϕ.
Proof. Pick any a ∈ Fq\(Fq)2. Such an a remains nonsquare in all Fqk(C), where k ∈ N
is odd. Thus, in the proof of Lemma 3.13 we may replace ¬F ∧N2 by a. Finally, careful
examination of Theorem 2.18 shows that, in the interpretation of (N; 0, 1,+, |p,≤) in
Fqk(C), the only occurrence of the predicate N2 is in formulae of the form “¬F ∧ N2”.
We conclude the desired result. 
In fact, this lemma gives us an undecidability result in the language LF for a non-
global field:
Theorem 3.15. Let F ⊂ F˜p be the compositum of all finite odd degree extensions of
Fp. Let C/Fp be a curve of genus g ≥ 2, p ≥ 312g + 169. Then Th∃(F(C);LF ) without
parameters is undecidable.
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Proof. For any existential sentence ϕ in LF ,
F(C) |= ϕ ⇐⇒ ∃ odd k ∈ N s.t. Fpk(C) |= ϕ.
The undecidability of Th∃(F(C);LF ) without parameters follows from Lemma 3.14, as
required. 
3.4. Speculating on l-behaviour. Suppose it were the case that there existed D ∈
Fp(X) such that for all u ∈ Fp(t)\Fp, D(u) is 2-behaved. Then in the geometric language
without parameters, Th∃+(Fp(t)) is undecidable, for any prime p ≥ 19. Indeed, replace
any Lr-formula φ(x, u) in the construction of Theorem 2.18 with ∃u(F (u)∧φ(x,D(u))).
(As F is ∃+-Lr-definable, we conclude in addition Th∃+(Fp(t);Lr) is undecidable.)
The most basic of such D would be D(x) = x + a for a ∈ Fp. We might even hope
something like the following is true in general:
Conjecture 3.16. Let l be any prime. For any given u ∈ Fp(t) \ Fp, there exists
αu, βu, γu, δu ∈ Fp such that αuu+βuγuu+δu is l-behaved.
Unfortunately there are many strata of counterexamples.
Counterexample 3.17. Let l = 2. For the following, u and all its pn-th powers fail
Conjecture 3.16.
• Take p = 3, u = x6x6+2 .
• Take p = 5, u = x6+2
x6+x2+2
.
• Take p = 7, u = x6+2
x6+x2+2
.
• Take p = 11, u = x8+1x8+x6+x4+x2+1 .
• Take p = 13, u = x8+1
x8+x4+1
. 
Open Question 3.18. For a fixed prime l, does there exist Dl ∈ Fp(X) such that for
all nonconstant u ∈ Fp(t), Dl(u) is l-behaved?
Going forward, an additional approach which may prove fruitful in the style of Theo-
rem 3.2, is:
Open Question 3.19. For any nonconstant u ∈ Fp(t), does there exist a family C of
non-isotrivial positive genus Lu-definable curves over Fp, with a uniform (not dependant
on u) bound on the number of its Fp(t)-points?
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